
Math 4650[Homework 5

Solutions



Ball: f is continuous at a if

⑯ for every 530 there exists 830

where if IX-al8 then If(x) - full

Let a e IR.L
Let ETO .

We want to find 830 where if Ix-akS

then 1(2x+ 1) - (2a+ 1)k 3.

Note that

((2x + 1) - (a+ 1)) = (2x- 2al = 121(x- al = 2(x - a)

Let S = E :

Then if Ix-alS ,
we get

((2x + 1) - (a+ 1)) = 2(x - a) > 2 . S = 2 . E=E.

Thus ,
f(x) = 2x + 1 is continuous

at a elR.

#

-



Ball: f is continuous at a if

⑮ for every 530 there exists 830

where if IX-al8 then If(x) - full

Let a e IR.L
Let ETO .

We want to find 830 where if Ix-akS

then | x" - a"kE

Note that

(x- a) = ((x+ aY(x-

a)

= ((x+ aY(x+ a)(x-a))

= (x+ a2)(x+ al(x- al

-can control this

let's get these with S

bounded first

Tarbitrary starting
bound I picked

Suppose O < S > 15
to bound (x+c/~

Suppose Ix-al < 8) . and Ixtal

Then
,

(x1 = /X-a + al = (x-al+a) < Sta) <|+(a)

So
,

(x+ il : (x | + (2) = (x| + |ak > (I+all+ (a)

= 1 + 2(a) + 2(a)

And,
(x + a) < (x | + (a) < ( + (a)) + (a) = 1 + 2(a).

Thus ,
if Ix-al)) ,

then



( x" - all = (x+ a2(x + a)(x-al

< (1 + 2(al + 2(ak)(1 + >(a))(X - a)

Let <minG1,ulal +
za(als 3.

Then if Ix-akd we get

(x"- aY( < (1 + >(a) + 2(a)(1+ 2(a))(x-
a)

A

S E

· > (1+ 2(a) + 2(a)4(1+ 2(al),(lal + 2(a() (1+ >(a)

above

= E .

So,
if Ix-alcd ,

then Ix"-a"13 .

Therefore f(x) = X"is continuous
at

ER
.



⑮ Ball: f is continuous at a if

for every 530 there exists 830

where if IX-al8 then If(x) - full

Let a e IR.L
Let ETO .

We want to find 830 where if Ix-akS

then | (x+ x) - (a + a))E .

Note that

| (x +x) - (a + a)) = ((x-
al + (x - a))

= (x= a) + (x- a)

= (x+ al(x-al + (x -al

= ((x + a) + 1)(x -
al

~ bound
- we

can

wa
will this with S

make
an

starting
arbitrary S
brund um

to bound this part

Suppose S .

Then if Ix-a/871 we get that

(x| = (x - a + a)(x- al + (a) S + (a)( + (a)

which gives

(x + al = (X |+ (a) > (1 + |a)) + (a) = | + 2(a)
.



Thus ,
if I-al81) then

((x+ x) - (a + a)(d((x + a) + 1)(x - a)

> (1 + 2(a)) + 1)(x -
al

= (2 + 2(a))(x - a)

Let S < min1,al]

Then S41 and Jamal

Then if Ix-akS we get that

| (x+ x) - (a + a)) < (2 + 2(a))(x- a)

A

S
< (2 + 2(a)) : zal
I&above) =

⑫
Ithes



⑮ Ball: f is continuous at a if

for every 530 there exists 830

where if IX-al8 then If(x) - full

Let a >0
.

L
Let ETO .

We want to find 830 where if Ix-akS

x> 0
,

a < 0

then 1 * -kS . C
Note that if X 0 ,

then

-F
Suppose that OCS ** starting bound on

so we can
bound

um

[2a

Suppose that Ix-alSc the term
al

Then
,
-X-ace Secure in the above

-

39
3

right
Note that > 0

so,X Z
Sa D

Since we
assumed as o

Thus, X + a<

Also I picked this

So, (x + a) = X+<
O

to keep us away
from

* the asymptote at X = 0

here M

And ,x I ↓↳aso abas
#



Thus ,
if Ix-al , then

1-) =
(a)- (x-al
x a

=.. (x-a

<Ix-a

=(x-a

Let &< min 1,a)

Then ,
S2) and S4)

Ther if Ix-alad we get that

-(x-al

Ji : (i)
sincefromGabove = E

.

This ,
if Ix-als,

then 1*k3 .

So, f(x) = En is continuous at aso . W
-



⑫
(8) Suppose that f is continuous at a.

Let (xn) be a sequence
contained in D with Xn-a .

Let 2 > 0.

Since f is continuous at a there exists &20

where if xeD and Ix-ak8 ,
then If(x)-f(a))E .

Since Xn+ a there exists NTO where

if n N
,

then Ixn-alS .

XnED and 1xn-al]
Thus ,

if n> N
,

then

and thus If(xn)-f(a)) <5 .

~
Hence live f(x) = f(a)

n+ M

(2) Suppose that given any sequence

(xa) contained in D with Xn- > a

we have that linf(x)
= f(a).

Let's use this to prove
that f is

continuous at a.



Suppose instead that f is not continuous at a.

Then there must exist a particular Eno

where no matter what 870 is chosen

there exists *ED With 1*-akS

but If(x) - f(a)) > Eo

Consider Sn= in

Then there exists a sequence
(X1) where

for each n we
have XeED and

(xe-al > in but If(xn) - f(a)(, 30

This gives
vs a sequence

(Xn) contained

lim f(xn) #f(a)

in D with Xn- a but
n+ 1

tradiction
.



⑮ Let f be continuous at a -IR.

Suppose f(a) > 0 .

Set E = f(a) > 0.

Since f is continuous
at a

there

exists So where if Ix-akS

then If(x)-f(a)) < (f) .

E

Then if Ix-ald we get that

- f(u) < f(x) - f(u) < +(a) .

So if Ix-als ,
then

0 < f(x) < 2 f(a) .

us,
if Ix-aldd ,

then 0cf(x)



⑪ Let f be continuous on R .

Let S = Ex(f(x) = 03 + 0 .

Let (xn) be a sequence
of points from

S such that Xn-L .

Since (Xn) is contained in S we know

f(xn) = 0 for all n.

Let E > 0.

Since f is continuous
at every point

in R ,
f is continuous

at L

thus there
exists S10

where

if IX-218 ,
then

If(x)-f(r)k3 .

Since XetL there exists NTO where

ifm,
N then (xn-1/S .

Thus,
if n > N then If(xn)- f(r)) < E

&So
,

if M > N then 10-f(c)) > 3 @fIx
Thus , If (2) E.

Since If() < 3 for any positive

We must have If (r)) = 0

#
Thus

,
f(z) = 0

.

-



⑤
Let E > 0

.

Since LED ,
f is continuous at L

.

This there exists 5
,
30 where if

YeD and 13-21 < S
1,

then If(y)-f(u))

Since limg(x) = h
,

there exists Sto

X+ a

if Xe A and OcIX-al > S

where

then 19(x) - 11 < S .

(Note by assumption if xA then g(xIED.)

From above,
if XA and OcIX-al > Se

,

then If(g(x1)- f(2)) < E.

thus, Lim
f(g(x)) = f)

⑭

-
#e: In the above we were showing that

and the demain of fogClim (fog)(x) = f(2)
X+ a

here is A .

Hence the "xeA".



⑯
⑪ Let del .

Let E30 .

Set f = E .

Then ,
if Ix-dl8,

we have If(x) - f(a)) = (x-dk < S = E .

So
,

f(x) = X is continuous
at d

.

-

# Let aER .

Let E70 . activenumber

Set S = 1 .

5 you
can pick any

If (x- a) <1
,

then If(x-f(d)) = 1-2) = 0 < .

Thus ,
f is continuous

at d.

-
⑭ Let f(x) = anx" + a., x

*
+... + a

,
x + a.

be a polynomial where an
,
Gers-- -

9
,,

% ER.

Let deIR.

By part (a) we know x
is continuous

atd .

From class if we product two functions

that are
both continuous

ata
the

function is continuous
at d.

the resulting

Thus
,

X
,
XX",

X"
, ...,x are

continuous
atd .



Since a
,

dz
, ...,

an are continuous at d,

by part (b) of this problem, by

the same reasoning we have that

a ,
x

,
anx aax2, ...,

anx" are

all continuous at d.

From class if we
add two functions

that are
both continuous

ata
the

the resulting function is continuous
at d.

Since no
,

a
,
x

,
a

, x ..

y
anx" are all

continuous at d we get that

f(x) = a
.

+ a ,
x + a

,
x2 +... + anxh

is continuous
at d. #

-


